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We investigate the size scaling of the entanglement entropy (EE) in nonequilibrium steady states
(NESSs) of a one-dimensional open quantum system with a random potential. It models a meso-
scopic conductor, composed of a long quantum wire (QWR) with impurities and two electron reser-
voirs at zero temperature. The EE at equilibrium obeys the logarithmic law. However, in NESSs
far from equilibrium the EE grows anomalously fast, obeying the ‘quasi volume law,’ although the
conductor is driven by the zero-temperature reservoirs. This anomalous behavior arises from both
the far from equilibrium condition and multiple scatterings due to impurities.
Introduction.— The entanglement entropy (EE) has
been attracting considerable interest in many fields of
physics [1–53], including quantum information theory,
condensed matter physics [4–12], quantum field theo-
ries [13–19], and quantum gravity [22–26]. This is be-
cause the EE is found useful not only for quantifying
the resources for quantum information tasks [20, 21] but
also for analyzing physical properties such as the central
charge [11, 12], topological order [9, 10], many-body lo-
calization [45–48], and the Bekenstein-Hawking entropy
[22–26]. Recent experiments have succeeded in measur-
ing the EE [27, 28]. In particular, intensive studies have
been conducted on the asymptotic size dependence of the
EE SL of the ground states of one-dimensional systems.
In this case, SL quantifies the entanglement between a
subsystem of length L and the rest of the system. In
many systems with natural Hamiltonians, the area law
SL = O(1) [29, 30] and the logarithmic law SL = O(lnL)
[11–14, 31–34] were found, in consistency with thermo-
dynamics (i.e., SL = o(L) at zero temperature). Larger
SL was found only in artificial toy models [35–39].
These numerous works have studied the EE of the
ground states or other energy eigenstates, almost all of
which are equilibrium states according to the eigenstate-
thermalization hypothesis [40, 54–60]. A natural ques-
tion is how the EE behaves in nonequilibrium states.
With regard to the thermalization processes in isolated
systems, the time evolution of the EE was studied in
terms of condensed matter [40–48], quantum field the-
ories and quantum gravity [49, 50]. In these systems,
SL ≤ O(SeqL (E)) throughout the evolution, where SeqL (E)
is the equilibrium entropy at energy E of the system. Re-
garding NESSs, which are fundamental states in nonequi-
librium physics [61–71], their EE was studied for cer-
tain systems [51–53]. As in the case of thermaliza-
tion processes, it was shown that SL = O(S
eq
L (E)) or
SL = O(
∑
ν S
eq
L (T
ν
res)), where T
ν
res is the temperature of
the νth reservoir. However, this is because the systems of
these NESSs are invariant under spatial translation, and
consequently the NESSs are basically the boosts of equi-
librium states. In contrast, the NESSs observed in com-
mon experiments are those of systems with symmetry-
breaking scatterings, e.g., by impurities, rough walls, or
phonons, which define a particular rest frame. Multi-
ple scatterings by such scatterers make NESSs nontrivial,
i.e., much different from the boosts of equilibrium states.
In this letter, we study SL of NESSs in a one-
dimensional mesoscopic conductor with impurities [71–
78], which is a long quantum wire (QWR) connected to
two electron reservoirs of zero temperature (T νres = 0).
The difference ∆µ := µ+−µ− in the chemical potentials
µ± of the reservoirs induces a steady current J in the
QWR, and a NESS is realized. While SeqL = O(lnL) at
equilibrium, we find that, in nontrivial NESSs far from
equilibrium (as defined by (4) below),
SL = η(L)L|∆kF |+O(lnL) for 1 L ≤ LC. (1)
Here, ∆kF is the difference in the Fermi wavenumbers of
the reservoirs, LC is the length of the QWR, and η(L) is
a function of L with the following properties: When 1
L ≤ LC, (i) η(L) is independent of ∆kF , (ii) gradually
decreases with increase in L, (iii) and
a ≤ η(L) . 2a for 1 L ≤ LC, (2)
where a is a positive constant independent of L or ∆kF .
Since SL ≥ aL|∆kF |+O(lnL), we call Eq. (1) the quasi
volume law. Consequently, SL > O(
∑
ν S
eq
L ) in contrast
to SL ≤ O(
∑
ν S
eq
L ) in the previous cases [40–53]. Both
the far from equilibrium condition and multiple scatter-
ings that break the translational symmetry are necessary
for this anomalous enhancement of SL.
Setup.— We consider a long QWR (conductor) [71–78]
connected to two electron reservoirs of zero temperature.
Although real reservoirs are usually two-dimensional, the
total system can be mapped to a one-dimensional system
[76, 77]. If many-body interactions are negligible, its ef-
fective Hamiltonian is given by
Hˆtot := −
∑
x
(cˆ†xcˆx+1 + h.c.) +
∑
|x|≤LC/2
vxcˆ
†
xcˆx. (3)
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2FIG. 1. (Color online) Two examples of ϕk(x) for W =
0.08, with k = 0.82128 · · · (red) on a resonant point, and
k = 0.82479 · · · (blue) at the middle point between this res-
onant and adjacent off-resonant points. |ϕk(x)|2 is plotted
in the QWR (|x| ≤ LC/2) and the square of the incoming
and outgoing waves are plotted separately in the reservoirs
(|x| > LC/2).
Here, cˆ†x and cˆx are the creation and annihilation oper-
ators of an electron at site x (∈ Z), respectively. In the
QWR of length LC centered at x = 0 (see Fig. 1 and
Fig. S1 of [79] for details), a Gaussian random potential
vx of impurities exists (with a vanishing average [79]). Its
strength is characterized by the standard deviation W of
vx.
We require that a single-particle state should be either
a scattering state ϕk(x) (Fig. 1) with incoming wavenum-
ber k (−pi < k ≤ pi) and energy εk = −2 cos k, or a
bound state ϕb(x) with a quantum number b and en-
ergy εb (|εb| > 2). According to the standard model of
mesoscopic conductors [73–87], the quantum state at zero
temperature of the total system is a pure quantum state
|Ψtot〉 such that ϕk(x) with −k−F ≤ k ≤ k+F and ϕb(x)
with εb < −2 are occupied by electrons [79]. Here, k+F
(k−F ) is the Fermi wavenumber of the left (right) reser-
voir, i.e. εk±F
= µ± = µ±∆µ/2, where µ := (µ+ +µ−)/2.
Without loss of generality, we assume that ∆µ ≥ 0, and
hence ∆kF := k
+
F − k−F ≥ 0. A NESS is realized when
∆µ > 0.
Entropy.— Assuming |Ψtot〉, we explore its EE. We
take a subsystem A := [−L/2, L/2] of length L at the
center of the QWR (see Fig. 1 and Fig. S1 of [79] for
details), and consider the von Neumann entropy SL :=
−Tr[ρˆL ln ρˆL] of the reduced density operator ρˆL of A. It
is known that SL at equilibrium agrees with the thermo-
dynamics entropy [88]. Since |Ψtot〉 is a pure quantum
state, SL is also the EE that quantifies the entanglement
between A and the rest of the system, either at equilib-
rium or nonequilibrium.
For each |Ψtot〉, which is determined by k±F and the
impurities, we examine the L dependence of SL. We are
most interested in SL in the QWR (i.e. SL for L ≤ LC),
in which the quantum state in a NESS differs significantly
from that in an equilibrium state.
Nontrivial NESSs.— From the electron-hole symme-
try, we can limit ourselves, without loss of generality, to
the lower half of the band, −2 ≤ εk ≤ 0. Furthermore,
since we are not interested in any specific effect of the
band edge εk = −2 or the band center εk = 0, we take
−1.7 ≤ µ± ≤ −0.8.
We exclude the case of a short QWR, LC ∼ 1, because
such a QWR is actually a quantum dot, for which we
cannot discuss the L dependence of SL for L ≤ LC. We
therefore study the case of LC  1. We take LC = 401
in the numerical calculations [79].
Since we assume zero temperature, the dimension-
less conductance [73] G := (J/∆µ)/(e2/2pi~) (which
is a nonlinear one; see below) is simply the average
value G = 1∆µ
∫ µ+
µ− |tk|2dεk of the transmittance |tk|2 in
µ− ≤ εk ≤ µ+. Obviously, 0 ≤ G ≤ 1. Since LC is finite
and impurities are absent in the reservoirs, the Anderson
localization [89–92] is incomplete, i.e., the localization
length ξ (defined for the hypothetical case LC =∞) can
exceed LC.
As W is increased, ξ and G decrease on the whole
[89–92]. When LC  ξ, the system would be almost an
insulator, and G ' 0. Hence, almost no current would
flow even when finite ∆µ is applied. On the other hand,
when LC is much shorter than the mean free path (< ξ),
the electrons would not suffer scatterings, and G ' 1.
The NESS in this case would be almost a boost of an
equilibrium state (even in the presence of interactions
between electrons [93]). In these cases, it is obvious that
SL scales as in equilibrium. We therefore focus on the
intermediate regime where LC is comparable to ξ, for
which G takes an intermediate value, such as 0.3 . G .
0.7. We call the NESSs in this case nontrivial, and take
W so as to satisfy this condition.
For such NESSs, multiple scatterings by impurities are
crucial, and the wavefunctions ϕk(x) have complicated
shapes as shown in Fig. 1. Since k takes a continuous
value, there are infinitely many states, including those
nearly localized in the QWR (such as the red one) and
those penetrating into the QWR (such as the blue one).
Consequently, |tk|2 varies rapidly as a function of k, as
shown in Fig. S2 of [79], where each peak indicates the
resonant tunneling through a nearly-localized state.
Far from equilibrium.— Since −pi < k ≤ pi and the
number of resonant states ' LC, the average distance
∆kpeak between the peaks of |tk|2 is roughly ∆kpeak '
2pi/LC. When ∆kF  ∆kpeak, the current-voltage char-
acteristic is linear, i.e. G is independent of ∆µ (while G
depends on µ). In this regime, the NESS is close to equi-
librium. When ∆kF is increased to ∆kF ∼ ∆kpeak, G
depends sensitively on ∆µ (and µ), as shown in Fig. S3
of [79], because only a small number of peaks in k−F ≤
k ≤ k+F contribute to the conduction, which reflects the
characteristics of the individual peaks. When ∆kF is fur-
ther increased to ∆kF  ∆kpeak, the dependence on ∆µ
(and µ) becomes weak because many peaks and dips of
|tk|2 contribute to the conduction. When ∆kF = O(1),
such a regime is always achieved for sufficiently large LC
3because ∆kpeak ' 2pi/LC. We call this regime in which
∆kF = O(1) ∆kpeak (4)
far from equilibrium. We will show the quasi volume law
(1) for nontrivial NESSs far from equilibrium.
Relation to number and current.— Let δN2L :=
〈(NˆL − 〈NˆL〉)2〉, which is the fluctuation of the parti-
cle number NˆL :=
∑
|x|≤L/2 cˆ
†
xcˆx in A, where 〈•〉 :=
〈Ψtot| • |Ψtot〉. In [79], we prove the inequality
δN2L ≤ SL ≤ 1 + c(lnL)δN2L, (5)
where c is a positive constant independent of L. From
this inequality, it is sufficient to show the quasi-volume
law for δN2L instead of SL. We will analyze δN
2
L to see
the mechanism and the order of magnitude, and calculate
SL numerically to find the magnitude, of the anomalous
enhancement.
To calculate δN2L, we neglect small contributions from
the bound states, and use the identity [79]:
δN2L =
∫∫
Ω∆µ
dk1dk2R
W
L (k1, k2). (6)
Here, the region of the integral Ω∆µ is such that k1 is
occupied by an electron while k2 is empty. Furthermore,
RWL (k1, k2) := |∆JpqL |2
/
[16 sin2 (p/2) sin2 (q/2)], (7)
where p := k1 + k2 and q := k1 − k2. Here, ∆JpqL :=
Jk1k2(L/2) − Jk1k2(−L/2), where Jk1k2(x + 1/2) is the
k representation of the current on the bond at x + 1/2;
Jk1k2(x + 1/2) = i[ϕ
∗
k1
(x + 1)ϕk2(x) − ϕ∗k1(x)ϕk2(x +
1)]. When p = 0 or q = 0, where the denominator of
RWL vanishes, the numerator |∆JpqL |2 also vanishes [79].
Consequently, RWL is finite everywhere in Ω∆µ. Identity
(6) means that δN2L in A is determined by the net current
flowing into A through its edges, x = ±L/2.
In the following discussion, identity (6) plays a crucial
role. It decomposes the parameter dependence into two,
Ω∆µ and R
W
L , which depend on (∆µ, µ) and (W,L,LC),
respectively. We will show that RWL takes large values of
O(L2) in certain regions in the k1-k2 plane, whereas Ω∆µ
determines which parts are extracted from such regions.
Behavior of RWL (summarized in Table I).— For q =
O(1/L), the denominator of Eq. (7) becomes as small
as O(1/L2), and consequently the typical value of RWL
becomes as large as O(L2). In contrast, for p = O(1/L),
RWL = O(1) when W = 0, because then the numerator
also becomes O(1/L2).
When W > 0, however, the difference between the
forward-scattering part (small |q|) and the backward-
scattering part (small |p|) is obscured because the im-
purities scatter the electrons back and forth. As a result,
RWL becomes O(L
2) not only at q = O(1/L) but also at
p = O(1/L), as plotted in Figs. S5 and S6 of [79].
TABLE I. Typical value of
RWL (and R˜
W
L )
W = 0 W > 0
q = O(1/L) O(L2) O(L2)
p = O(1/L) O(1) O(L2)
TABLE II. Areas between q
and q + dq, and p and p+ dp.
∆µ = 0 ∆µ > 0
q ' 0 |q|dq |q|dq
p ' 0 |p|dp |p−∆kF |dp
TABLE III. L dependence of SL and δN
2
L (L ≤ LC)
W = 0 W > 0
∆µ = 0 [A] O(lnL) [C] O(lnL)
∆µ > 0 [B] O(lnL) [D]
quasi volume law (for nontrivial
NESSs far from equilibrium)
Since RWL = O(1) in the other regions in Ω∆µ, the L
dependence of δN2L is determined by the integral around
q ' 0 and p ' 0. We therefore focus on the regions |q| ≤ 
and |p| ≤ , where  is a positive constant of O(1).
Behavior of Ω∆µ (Table II).— For an equilibrium
state, the region of the integral Ω∆µ is shown in Fig. 2(a).
As discussed above, we focus on the regions q ' 0 and
p ' 0. Then, the area of the portion of Ω∆µ between q
and q + dq (p and p+ dp) is |q|dq (|p|dp).
FIG. 2. (Color online) The region Ω∆µ of the integral for (a)
an equilibrium state (∆µ = 0), and (b) a NESS (∆µ > 0).
For a NESS, Ω∆µ shifts toward the direction of +45
◦,
as shown in Fig. 2(b). As a result, the area between p
and p + dp becomes |p − ∆kF |dp, while that between q
and q + dq remains the same as in the equilibrium case.
This means that in nonequilibrium, more contributions
are extracted from RWL of small |p|.
Clean case (Table III [A] and [B]).— When impuri-
ties are absent (W = 0), we evaluate Eq. (6) using Ta-
bles I and II, as δN2L =
∫ 
−R
W
L |q|dq + O(1) for either
equilibrium (∆µ = 0) or nonequilibrium (∆µ > 0). A
simple power-counting argument estimates the integral
as O(1/L) [interval where q = O(1/L)] × O(1/L) [from
|q|] × O(L2) [from RWL , Table I] = O(L0). Actually, the
rigorous argument in Sec.IV of [79] gives δN2L = O(lnL).
From inequality (5), this indicates the logarithmic law
SL = O(lnL), which is confirmed numerically (Fig. S4 of
[79]). This agrees with the previous results for ∆µ = 0
[32, 33]. The same result holds for ∆µ > 0 (case [B])
because a NESS for W = 0 is basically the boost of an
equilibrium state [79].
Equilibrium with random potential (Table III [C]).—
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FIG. 3. (Color online) The average and standard deviation
(error bars), over 10 random samples, of SL against logL for
L ≤ LC and for various values of ∆µ.
When the random potential is introduced (W > 0),
RWL = O(L
2) not only at q ' 0 but also at p ' 0 (Table
I). Hence, unlike the clean case, both the regions con-
tribute to the L dependence of δN2L. Then, for ∆µ = 0,
we evaluate Eq. (6) using Table II, as
δN2L =
∫ 
−
R˜WL |q|dq +
∫ 
−
R˜WL |p|dp+O(1). (8)
Here, R˜WL is the average of R
W
L over k1 around q, p ' 0,
which has the same typical value as RWL (Table I). Since
both the integrals give O(lnL) for the same reason as
that of the clean case, we again have δN2L = O(lnL) and
SL = O(lnL) (see [79] for details). This is demonstrated
in Fig. 3 (red symbols) and Fig. S4 of [79].
Nontrivial NESSs (Table III [D]).— Figure 3 also
shows that, with increasing ∆µ, SL grows considerably,
and it cannot be fitted by a linear function of lnL. This
happens by the following mechanism.
When ∆µ > 0, the area between p and p+dp becomes
|p−∆kF |dp (Table II). Hence, Eq, (8) changes to
δN2L =
∫ 
−
R˜WL |q|dq +
∫ 
−
R˜WL |p−∆kF |dp+O(1). (9)
The first integral gives O(lnL) for the same reason
as those of cases [A]-[C]. For the second integral, we
can rewrite it, by taking  = O(1) < ∆kF , as
∆kF
∫ 
− R˜
W
L dp+
∫ 0
− R˜
W
L |p|dp−
∫ 
0
R˜WL |p|dp. The last two
terms give O(lnL) as before (though expected to can-
cel each other out after the random average). In con-
trast, the integral
∫ 
− R˜
W
L dp basically gives O(L), be-
cause O(1/L) [interval where p = O(1/L)] × O(L2) [from
R˜WL , Table I] = O(L).
This indicates that SL = O(L). However, there is a
slight correction because the backward scatterings be-
come weaker with increasing L, i.e. as the edges (x =
±L/2) of A approach the edges (x = ±LC/2) of the
QWR. Consequently, the typical value of RWL grows
slightly slower than O(L2) with increasing L, as shown in
Figs. S5 and S6 of [79]. By representing this effect with a
gradually decreasing function η(L), we arrive at Eq. (1).
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FIG. 4. (Color online) The average and standard deviation
(error bars), over 10 random samples, of the r.h.s. of Eq. (10)
for various values of (∆µ,∆µ′), for the same values of W and
µ as in Fig. 3.
To confirm the quasi volume law, we investigate
whether η(L) has properties (i)-(iii), mentioned earlier
around inequality (2), for nontrivial NESSs far from equi-
librium. We note that the O(lnL) term in the r.h.s. of
Eq. (1) should be relatively insensitive to ∆kF . Hence,
by subtracting Eq. (1) at ∆µ from that at ∆µ′, where
|∆µ−∆µ′|  1, we expect
η(L) ' [SL(∆µ)− SL(∆µ′)]/(∆kF −∆k′F )L, (10)
for 1 L ≤ LC. We plot the r.h.s. of Eq, (10) for various
values of (∆µ,∆µ′) in Fig. 4. When (∆µ,∆µ′) is small
(close to equilibrium), none of the properties (i)-(iii) is
satisfied [94]. However, when (∆µ,∆µ′) is large, all the
properties are satisfied. For example, property (iii) is sat-
isfied with a ' 0.1 [79]. We have thus confirmed the quasi
volume law for nontrivial NESSs far from equilibrium.
These results are summarized in Table III. It clearly
shows that the quasi volume law is peculiar to nontrivial
NESSs [95].
Scaling in reservoirs.— When L is increased to L >
LC, the O(L
2) components of RWL at small |p| cease to
grow with increasing L, as shown in Figs. S8 and S9 of
[79], because impurities are absent in the reservoir re-
gions, whereas those at small |q| continue to grow. Con-
sequently, the logarithmic law is recovered with an offset
value:
SL = η(LC)LC|∆kF |+O(lnL) for L > LC, (11)
as demonstrated in Fig. S10 of [79].
In summary, at equilibrium, SL obeys the logarithmic
law. In nontrivial NESSs far from equilibrium, SL is en-
hanced anomalously to obey the quasi volume law (1).
Consequently, SL > O(S
eq
L ) in contrast to the finding
in previous works [51–53] that SL ≤ O(SeqL ) in NESSs.
This anomalous behavior arises from the far from equi-
librium property and multiple scatterings due to impuri-
ties that break the translational symmetry of the system.
This suggests that similar results may be obtained for
other models with certain symmetry-breaking scatterers,
5although we have studied only one such model in this
paper.
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We present the quantum state of the total system, our method of calculating SL, a useful formula
for particle number fluctuation, and the results for δN2L and SL.
I. QUANTUM STATE OF THE TOTAL SYSTEM
A. Note on the model
In numerical computations, we take vx’s in the Hamiltonian (3) as follows. After vx’s are generated randomly, we
replace each vx with
vx −
∑
x
vx/LC (S.1)
to eliminate effects of a non-vanishing average value of
∑
x vx/LC; for example, when it is positive, electrons would
tend to be pushed away from the QWR.
Moreover, we assume that LC is an odd number and x = 0 is at the center of the random potential as shown in
Fig. S1. The edges of the QWR region are ±LC/2 (half-integer), and LC is equal to the number of the sites inside
the QWR region as shown in Fig. S1. We also assume that L, which is the length of the subsystem A and is equal
to the number of the sites inside the region A, is an odd number as shown in Fig. S1. The edges of the region A are
±L/2 (half-integer).
B. Single-particle state and Many-body state
We can derive the single-particle Shro¨dinger equation as
−ϕ(x− 1)− ϕ(x+ 1) + vxϕ(x) = εϕ(x). (S.2)
FIG. S1. The circles in (a) represent the total sites used in the Hamiltonian (3). In the QWR region, a random potential vx
exists and its length is LC (odd) centered at x = 0. The QWR region has LC sites and its edges are ±LC/2 (half-integer). (b)
represents a subset of the sites inside the QWR (L ≤ LC). We take a subsystem A [−L/2, L/2] of length L (odd) centered at
x = 0. The region A has also L sites and its edges are ±L/2 (half-integer).
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FIG. S2. k dependence of transmittance |tk|2 for W = 0.08 and LC = 401 (these parameters are common to Fig. 1 of the text).
We plot only the region k > 0 because of the symmetry tk = t−k.
Here, ε and ϕ(x) are a single-particle energy and a single-particle wave function. We consider scattering states and
bound states for ϕ(x).
The scattering states {ϕk(x)}k (−pi < k ≤ pi) satisfy the boundary condition
√
2piϕk(x) =
{
eikx + rke
−ikx (x→ −∞)
tke
ikx (x→∞) ,
√
2piϕ−k(x) =
{
t−ke−ikx (x→ −∞)
e−ikx + r−keikx (x→∞). (S.3)
The unitarity and the time-reversal symmetry gives |tk|2 + |rk|2 = 1, tk = t−k, r−kt∗−k + r∗ktk = 0. We also have
εk = −2 cos k. The k dependence of transmittance |tk|2 is plotted in Fig. S2. Since LC  1, |tk|2 depends sensitively
on k.
On the other hand, the bound states {φb(x)}b (b = 1, 2, . . . ) satisfy |φb(x)| → 0 (as |x| → ∞), and single-particle
energy εb satisfies εb < −2 or εb > 2. When LC = 401, the number of bound states is ' 20 for W = 0.05 and ' 25
for W = 0.08, depending on the realization of the random potential.
These wave functions are orthonormal and satisfy the closure relation;∑
x
ϕ∗k1(x)ϕk2(x) = δ(k1 − k2),
∑
x
φ∗b1(x)φb2(x) = δb1,b2 ,
∑
x
ϕ∗k(x)φb(x) = 0, (S.4)∫ pi
−pi
dkϕ∗k(x)ϕk(y) +
∑
b
φb(x)
∗φb(y) = δx,y. (S.5)
We have utilized this closure relation to estimate numerical errors, which come mainly from the numerical calculation
of the wavefunctions and the numerical integration. Since we study the nontrivial case where 0.3 . G . 0.7 and
LC  1, the numerical errors (as confirmed by the closure relation) increase quickly with increasing LC because of the
high sensitivity of ϕk(x) on k. We therefore take LC = 401 in numerical calculations, for which the closure relation
is confirmed to hold very well for all the values of W employed in the calculations.
The many-body state |Ψtot〉 of the total system is given by a single Slater determinant of single-particle states
|Ψtot〉 :=
∏
−k−F≤k≤k+F
cˆ†k
∏
b (εb<−2)
cˆ†b |0〉, (S.6)
where cˆ†k (cˆ
†
b) is the creation operator of the scattering (bound) states. Therefore, the two-point correlations are given
by
〈cˆ†k1 cˆk2〉 = δ(k1 − k2)Θ(−k−F < k1 < k+F ) (S.7)
〈cˆ†k cˆb〉 = 0 (S.8)
〈cˆ†b1 cˆb2〉 = δb1,b2Θ(εb1 < −2), (S.9)
where Θ is a step function and 〈•〉 := 〈Ψtot| • |Ψtot〉. All the other two-point correlations vanish because they are not
gauge-invariant. Moreover, the Wick’s theorem holds:
〈cˆ†x1 cˆx2 cˆ†x3 cˆx4〉 = 〈cˆ†x1 cˆx2〉 〈cˆ†x3 cˆx4〉+ 〈cˆ†x1 cˆx4〉 〈cˆx2 cˆ†x3〉 , and similarly for other correlations. (S.10)
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FIG. S3. ∆µ dependence of G for W = 0.08 and µ = −1.5. We plot G in the region 0 ≤ ∆µ ≤ 1.0. When ∆µ = 1.0, µ−
reaches the band edge k = −2.0.
More precisely, the many-body state should be defined not by Eq. (S.6), for which some cares are necessary in an
infinite system, but by Eqs. (S.7)-(S.10), which have no problem even in an infinite system [1]. In fact, all our
calculations have been done using only Eqs. (S.7)-(S.10).1
From the expectation value of the current, we obtain the dimension-less nonlinear conductance G as shown in
Fig. S3. It is seen that the linear response regime is limited to a very tiny region ∆µ . 0.005.
II. RELATION BETWEEN SL AND δN
2
L
We derive an inequality between SL and δN
2
L, by generalizing that of Refs. [2, 3]. Since the reduced density operator
ρL in subsystem A satisfies the Wick’s theorem, SL and δN
2
L can be determined by the two-point correlations 〈cˆ†xcˆy〉
for x, y ∈ A. We therefore introduce the L× L matrix
Λxy := 〈cˆ†xcˆy〉 =
∫ k+F
−k−F
dkϕ∗k(x)ϕk(y) +
∑
b (εb<−2)
φb(x)φb(y). (S.11)
Since Λ is an Hermitian matrix, it can be diagonalized by a unitary L× L matrix. We can obtain SL from Λ by
SL = −tr[Λ ln Λ + (1− Λ) ln (1− Λ)], (S.12)
where tr[·] means the trace of L × L matrix. We can also obtain all observables in A from Λ. For example, the
fluctuation of particle number δN2L can be calculated by δN
2
L = tr[Λ(1− Λ)].
Let us define h(x) by
h(x) := −x lnx− (1− x) ln (1− x) (0 ≤ x ≤ 1). (S.13)
We note the following inequality [2, 3]
x(1− x) ≤ h(x) ≤ 1 − {c ln 1}x(1− x), (S.14)
where c is a constant independent of 1 (> 0), and moreover, for 0 < 1 < 0 we may choose c = 1 + o(0). Using this
inequality, we can evaluate SL(= tr[h(Λ)]) as
tr[Λ(1− Λ)] ≤ SL ≤ 1L− {c ln 1}tr[Λ(1− Λ)]. (S.15)
By taking 1 = 1/L, we obtain the important inequality (5) of the text. The coefficient lnL in its right-hand side is
derived from the logarithmic divergence of dh(x)/dx as x → 0 or 1. Therefore, we expect that the left inequality in
(5) of the text is better than the right one, i.e. SL ' δN2L.
1 In numerical computations, although wavenumbers are taken discretely with small intervals, we have confirmed that the results are
independent of the lengths of the intervals.
4III. DERIVATION OF EQS. (6) AND (7)
The current jˆ(x+ 1/2) which flows x→ x+ 1 is given by jˆ(x+ 1/2) = 1i
(
cˆ†xcˆx+1 − cˆ†x+1cˆx
)
. In order to represent
it in the Heisenberg picture, we rewrite jˆ(x+ 1/2) by the single-particle eigenstates composed of the scattering states
(created by cˆ†k) and the bound states (created by cˆ
†
b), and we have
jˆ(x+ 1/2, t) =
∫
dk1
∫
dk2Jk1k2(x+ 1/2)cˆ
†
k1
cˆk2e
i(εk1−εk2 )t + (terms involving bound states), (S.16)
where Jk1k2(x+ 1/2) :=
1
i
(
ϕ∗k1(x)ϕk2(x+ 1)− ϕ∗k1(x+ 1)ϕk2(x)
)
(Jk2k1(x+ 1/2) = (Jk1k2(x+ 1/2))
∗). Since bound
states do not seem to give significant contribution, we drop terms involving them.
The equation of continuity reads
d
dt
δNˆL(t) = δJˆ(t). (S.17)
Here, NˆL(t) denotes the particle number in A, and Jˆ(t) := jˆ(−L/2, t) − jˆ(L/2, t) is the net current into A, and
δNˆL(t) := NˆL(t)− 〈NˆL(t)〉, and δJˆ(t) := Jˆ(t)− 〈Jˆ(t)〉. We also define the spectral intensity of J by
gJ(ω) :=
∫
dteiωt〈δJˆ(0)δJˆ(t)〉sym, (S.18)
where 〈XˆYˆ 〉sym := 〈XˆYˆ+Yˆ Xˆ〉2 . We then have
δN2L =
∫
dω
2pigJ(ω)
ω2
. (S.19)
Using Wick’s theorem, we also obtain
gJ(ω) = 2pi
∫∫
Ω∆µ
dk1dk2|Jk1k2(−L/2)− Jk1k2(L/2)|2δ(ω + εk2 − εk1). (S.20)
From these relations, we obtain Eqs. (6) and (7) of the text.
Using the Shro¨dinger equation (S.2), we can show that Jkk(x + 1/2) = Jkk(x − 1/2) for all x. This leads to
Jkk(x + 1/2) = constant (current conservation), and therefore ∆J
p0
L = 0 holds. ∆J
0q
L = 0 can be shown in a similar
manner.
IV. RESULTS FOR δN2L AND SL
A. Equilibrium and NESSs without random potential
We first reproduce the previous result for the case of W = ∆µ = 0 [2, 4] in such a way that the derivation can be
generalized to the case of NESSs.
When W = 0, we simply have ϕk(x) = e
ikx/
√
2pi, and hence |∆JpqL |2 = (4/pi2) sin2 (p/2) sin2 (qL/2) . As a result,
Eq. (6) reduces to the previous result [2, 4];
δN2L =
1
4pi2
∫∫
Ω∆µ
dk1dk2FL(q) (q := k1 − k2, FL = RW=0L ), (S.21)
where FL is the Feje´r kernel FL(q) :=
sin2 (qL/2)
sin2 (q/2)
. FL vanishes at |q| = 2pin/L (n = 1, 2, . . . ), and has peaks between
these points. The peak height is O(L2) for q = O(1/L).
To see the L dependence of δN2L, let us divide the q integral into two portions; |q| ≤  and  < |q|, where  is
an arbitrary small positive constant independent of L. In the integral over the latter portion, we can approximate
FL(q) ' 1/2 sin2 (q/2). Hence, L-dependent terms arise only from the integral over the former portion, |q| ≤ .
Considering also Fig. 2 of the text, we get
4pi2δN2L =
∫ 
−
FL(q)|q|dq +O(1) = 2
∫ 
0
FL(q)|q|dq +O(1). (S.22)
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FIG. S5. L dependence of RWL (small |q|) divided
by L2 for W = 0.08. k1 is taken as εk1 = µ = −1.5.
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FIG. S6. L dependence of RWL (small |p|) divided
by L2 for W = 0.08. k1 is taken as εk1 = µ = −1.5.
We further divide the integral as∫ 
0
FL(q)|q|dq =
∫ 2pi/L
0
FL(q)|q|dq +
∫ 
2pi/L
FL(q)|q|dq '
∫ 
2pi/L
(1/2)
(q2/4)
|q|dq +O(1) = 2 lnL+O(1). (S.23)
We obtain δN2L = O(lnL). We thus expect S
eq
L = O(lnL), which is confirmed numerically in Fig. S4.
When ∆µ > 0,
Λxy = e
i∆kF (y−x)/2Λeqxy =
∑
α,β
(Uxα)
∗ΛeqαβUβy. (S.24)
Here, kF := (k
+
F + k
−
F )/2, and Λ
eq is Λ in the equilibrium state (∆kF = 0) whose Fermi wavenumber is kF , and
Uxy = e
i∆kF x/2δxy is an unitary and diagonal matrix. Λ has the same eigenvalues as Λ
eq, and therefore ρˆL has the
same eigenvalues as that of equilibrium. Consequently, SL is independent of ∆kF (if kF is fixed).
This result may also be understood from the fact that a NESS with W = 0 is essentially an equilibrium state that
is observed from a moving inertial frame (even in the presence of interactions between electrons [5]).
B. Equilibrium and NESSs with random potential
The forward-scattering part (small |q|) and the backward-scattering part (small |p|) of RWL , divided by L2, are
plotted in Figs. S5 and S6, respectively. It is seen that RWL has peaks of anomalously large heights of O(L
2) not only
at q = O(1/L) but also at p = O(1/L).
The W dependences of RWL for small |q| and for small |p| are plotted in Fig. S7, where, to smear k1, k2 dependences,
we have plotted the integral of RWL over the two-dimensional square regions 0 ≤ kF±k1 ≤ 10pi/L, 0 ≤ k2−kF ≤ 10pi/L.
It is seen that the heights of the O(L2) peaks of RWL increase (decrease) with increasing W for small |p| (small |q|).
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FIG. S7. The W dependences of RWL integrated over small two-dimensional square regions, which are 0 ≤ kF −k1 ≤ 10pi/L, 0 ≤
k2 − kF ≤ 10pi/L for small |q| (forward) and 0 ≤ kF + k1 ≤ 10pi/L, 0 ≤ k2 − kF ≤ 10pi/L for small |p| (backward), respectively.
We take µ = −1.5 (kF = arccos 34 ) and L = 201.
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FIG. S8. L dependence of RWL (small |q|) divided
by L2 in the reservoir (L > LC) for W = 0.08. k1
is taken as εk1 = µ = −1.5.
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FIG. S9. L dependence of RWL (small |p|), not
divided by L2, in the reservoir (L > LC), for
W = 0.08. k1 is taken as εk1 = µ = −1.5.
In the equilibrium case (∆µ = 0), SeqL obeys the logarithmic law S
eq
L = O(lnL) for any W , and its value is not
sensitive to W , as shown in Fig. S4. However, it is seen that SeqL decreases slightly with increasing W . This may be
a precursor of the Anderson localization [6], which cuts off the length scale by the localization length. In our case,
the system is an open system in which a random potential exists only in a finite region, and hence the localization is
incomplete.
Figure S8 shows the forward-scattering part (small |q|) of RWL divided by L2, for L > LC. It is seen that the peaks
of RL at small |q| continue to grow as ∝ L2 even when L exceeds LC.
By contrast, Fig. S9 shows the backward-scattering part (small |q|) of RWL , not divided by L2, for L > LC. It is seen
that the peaks of RWL at small |p| cease to grow when L exceeds LC. This is because the random potential is absent
in the reservoir regions. As a result, the logarithmic law for SL is recovered with an offset value when L > LC, as
shown in Fig. S10, where the numerical results for L > LC are least-square fitted to Eq. (11) of the text, as indicated
by the red curve.
C. Linear fitting
Figure 4 of the text suggests that η(L) is almost linear in L for nontrivial NESSs far from equilibrium. To confirm
this, we fit the data by
η(L) = a0 − a1 L
LC
, (S.25)
where a0 and a1 are fitting parameters. Using the least square method, we obtain (a0, a1) = (0.19, 0.096 × (1 −
0.01)), (0.19, 0.096× (1 + 0.04)), (0.19× (1 + 0.05), 0.096× (1−0.02)) for (∆µ,∆µ′) = (0.4, 0.35), (0.3, 0.25), (0.2, 0.15),
respectively, as shown in Fig. S11. Hence, condition (2) of the text is satisfied well enough with a ' 0.19−0.096 ' 0.1.
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FIG. S10. L dependence of SL for W = 0.08, µ = −1.5, and ∆µ = 0.4, in a wide range of L including the reservoir region
L > LC . Red curve: The least-square fit of the numerical results for L > LC to Eq. (11) of the text.
 0
 0.05
 0.1
 0.15
 0.2
 100  200  300  400
(S
L(∆
µ)-
S L
(∆
µ’
)/(
∆k
F-
∆k
’ F)
/L
L
(∆µ, ∆µ’)=(0.4, 0.35)
-2.37e-4L+0.198
(0.3, 0.25)
-2.50e-4L+0.191
(0.2, 0.15)
-2.34e-4L+0.192
FIG. S11. This graph shows the data when far from equilibrium in Fig.4. We calculated a0 and a1 in the range of 50 ≤ L ≤ 400.
The errors of the fitting are at most 1%.
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